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THE  ONE- QUARTER  THEOREM  FOR  MEM  UNIVALENT  FUNCTIONS 


by 

P.  R.  Garabedian  and  H.  L.  Royden 


1 . Formulation  jaA.JU6LfagJX-af  Jihg-JBiahlaa . 

Many  attempts  have  been  made  to  generalize  the  fundamental  distortion 
theorems  of  the  theory  of  schlioht  functions  to  the  oase  of  p -valued  functions. 
The  derivation  of  sharp  bounds  for  p -valent  functions  turns  out  to  be  none 
too  easy.  Many  of  the  estimates  whioh  have  been  found,  however,  are  valid 
for  wider  classes  of  functions  satisfying  only  a oondition  of  mean  p -valence. 

In  particular,  Spencer  [5]  has  studied  the  class  of  mapping  functions 

(l)  w - f(z)  - zp ' ap+jZP+^  + Qp+gzP*2  + ...  , 

regular  in  the  unit  circle  |z|<  1,  whioh  transform  the  unit  circle  into  a 
Rieraann  surface  R over  the  w -plane  suoh  that,  for  each  r >0,  the  area  of 
the  sheets  of  R covering  the  circle  j w|<  r does  not  exceed  pTTr  . We  shall 
call  suoh  functions  mean  p -valsnt,  and  the  term  mean  univalent  shall  indicate 
the  special  oase  p«l.  We  shall  restrict  our  discussion  to  this  latter  oase, 
since  eaoh  p -valent  function  f(z)  oan  be  replaced  by  the  corresponding  mean 
univalent  function  f(z)^p.  Writing  w ■ jOe1^  in  polar  form,  we  oan  express 
the  oondition  that  f(z)  be  mean  univalent  by  requiring 


(2) 


dcp  - 2TT  i-  jod p ^ 0 


for  every  r > 0,  where  it  is  understood  that  we  integrate  with  respect  to  cp 
over  all  sheets  of  the  Riemann  surface  R which  project  onto  the  circle  |w|  ■ yO 
Spencer  C5l  has  shown  that  within  the  class  of  mean  univalent  functions, 
the  second  power  series  coefficient  satisfies  the  sharp  inequality 
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(3)  |a2l^2 

Spencer  C 5 1 also  shows  that  if  d is  any  value  whioh  f(z)  does  not  assume 
in  the  unit  cirole,  then  fd|  > 1/7,  and  he  conjectures  that  the  sharp  estimate 

(4)  ld|^l/4 

is  valid.  The  objeot  of  this  note  is  to  prove  his  conjecture. 

To  be  precise,  we  consider  analytic  functions  w«f(z)  of  the  form  (l) 
in  the  unit  cirole,  with  p»  1,  which  map  the  unit  oirole  onto  a Rlemann  surface 
R over  the  w -plane  satisfying  the  condition 


for  each  r>0,  where  the  integration  with  respect  to  Cp  is  extended  over  all 
sheets  of  R covering  the  circle  lw|  *^0.  For  this  class,  which  we  shall  oall 
the  olass  of  asa&Ly  mean  univalent  functions,  we  show  that  any  omitted  value 
d satisfies  the  sharp  inequality  (4).  Spencer's  conjecture  follows  from  this 
result,  since  (5)  is  less  restrictive  than  (2).  Rendition  (5)  is  an  estimate 
of  the  area  over  certain  half- planes  of  the  Riemann  surface  D upon  which 
t»  log  f(z)  maps  the  unit  cirole.  We  state  the  result  in  the  form  of  a 

Theorem:  ££  w - f(z)  la  a aaaJsly  Man  naiYaleni  fuastion  a£  the  4xpe  (l) 
and,  if  f(z)  /d  fox  |z|  < l,  than  I d I >i/4.  aama  sansinaloa  holds  alien 
w*  f(z)  la  mean  univalent . 

The  first  part  of  our  proof  of  (4)  is  based  on  the  work  of  Hayman  [3], 
who  has  given  elegant  sharp  estimates  for  the  distortion  of  p -valent  mappings 
by  using  the  concept  of  circular  symmetrization  due  to  Polya  [41.  The  later 
part  of  the  proof  depends  on  polygonal  Hadamard  variations  [2]  and  closes  with 
an  inequality  borrowed  from  the  theory  of  free  streamline  flows . 


2 . jba4  .th&Jiia<ieAQ£  .priaaipla  • 

The  harmonic  function 

(6)  G * - log  | z | 

• - log  | w | + y + 0(1  w| ) 

ia  the  Green’s  function  of  the  Biemann  surface  R with  pole  at  the  origin.  We 
call  the  constant  ft  the  eapacity  of  R at  the  origin.  The  normalization  (l) 
of  the  mapping  w«f(z)  is  equivalent  to  the  condition 

(7)  ft*  0 

on  the  oapaoity  constant.  Since  for  any  real  9 the  function  e_i0f (ze*0)  is 
weakly  mean  univalent  whenever  f(z)  is,  there  can  be  no  loss  of  generality 
in  the  assumption  that  the  omitted  value  d of  f(z)  with  smallest  modulus  \ d \ 
is  positive.  The  Riemann  surface  R does  not  cover  the  point  d in  the  w -plane. 
Our  problem  is  to  ohoose  R so  that  for  ft  satisfying  (7)  the  number  d is  a 
minimum.  It  is  easier  to  discuss  this  problem  in  an  equivalent  formulation 
in  which  we  fix  d and  maximize  ft  . 

We  slit  the  Riemann  surface  R along  the  positive  reel  axis  between  0 and  d, 
and  on  the  slit  surface  we  consider  the  fixed  branch  of  the  function 

(8)  9 * arS  * 

which  has  values  between  0 and  2TT  near  the  origin.  We  denote  by  R the 

Riemann  surface  obtained  from  R by  identifying  all  points  outside  the  olrole 

|w|<  d which  lie  over  the  same  point  in  the  w -plane  and  have  equal  values 

* 

for  Cp.  The  Riemann  surface  R may  be  multiply- connected,  but  R oan  V>e 

« * 

imbedded  in  it.  Hence  by  Lindelof's  principle  the  capacity  constant  ft  for 

R at  the  origin  is  not  smaller  than  ft  . At  the  same  time,  R does  not 
cover  d.  Furthermore,  R has  no  branch- points  and  satisfies  condition  (5) 
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when  R does,  since  it  is  obtained  from  R by  identifications. 

_ * 

We  perform  a process  of  circular  symmetrization  upon  R which  is  defined 

* 

as  follows.  For  each  r ^>d,  we  replace  the  arcs  of  R which  cover  the  circle 

l w t • r by  a single  open  aro  of  the  same  circle  with  the  same  total  length, 

situated  in  such  a way  that  it  is  bisected  by  the  negative  real  axis.  We 

** 

oall  the  oiroularly  symmetrized  Rieraann  surfaoe  so  obtained  R , and  we  note 
that  it  is  again  simply- connected  and  without  branch- points . The  capacity 

ft  K ^ 

oonstant  ft  of  R at  the  origin  is  not  smaller  than  ft  , as  oan  be  seen 
from  the  work  of  Polya  [4l»  The  proof  of  the  inequality  ft  ^>ft  depends 
merely  upon  expressing  the  oapaoity  oonstant  as  a Diriohlet  integral  in 
terms  of  the  Green's  function,  symmetrizing  the  Green's  function  in  an 
evident  manner,  and  estimating  the  Diriohlet  integral  of  the  symmetrized 
function  by  means  of  Diriohlet 's  principle.  Finally,  d is  not  covered  by 

-ft -ft  ft 

R , and  (5)  is  satisfied  by  R , sinoe  the  same  is  true  of  R . 

ftft 

The  Riemann  surfaoe  R is  simply- connected  and  does  not  cover  d,  and 
furthermore , 


(9) 


J 


with  equality  holding  only  when  R * R„  Hence  the  Riemann  surfaoe  for  which 
d > 0 is  given  and  ft  is  a maximum  will  be  found  among  those  which  are  invariant 
under  circular  symmetrization.  Therefore  we  consider  in  the  competition  only 
such  Riemann  surfaces.  That  such  an  extremal  surface  exists  is  a oonsequenoe 
of  the  theorem  that  the  class  of  weakly  mean  univalent  functions  forms  a 
normal  family. 

A remark  which  will  be  important  in  the  following  is  that,  if  the  image  D 
of  R in  the  plane  of  the  complex  variable  t-log  w has  a rectilinear  poly- 
gonal boundary  with  at  most  a given  number  of  vertices,  and  if  R is  circularly 
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symmetric,  then  the  above  processes  of  identification  and  circular  symmetriza- 
tion  may  alter  D,  but  they  take  its  polygonal  boundary  into  another  polygonal 
boundary  with  no  more  vertioes  than  before. 

3 . Method  of  polygonal  .variations . 

We  wish  to  apply  variational  methods  to  the  extremal  problem  posed  in 

the  previous  seotion  of  maximizing  the  capacity  $ of  R for  fixed  d^O.  For 

this  purpose  we  introduce  a subolass  -O.  of  the  weakly  mean  univalent  functions 

n,ra 

characterized  by  certain  restrictions  on  the  Riemann  surface  D in  the  t -plane. 

The  functions  f of  class  Cl  map  the  unit  circle  |z|<  1 onto  Riemann  surfaces 

n,m 

R over  the  w -plane  whioh  do  not  cover  the  point  d and  whioh  are  circularly 

symmetric  in  the  sense  that  f(z)  is  negative  for  negative  values  of  z.  The 

corresponding  Riemann  surfaces  D in  the  logarithmic  t -plane  are  assumed  to 

be  bounded  by  polygonal  ourves  0 with  at  most  n vertioes.  Because  of  the 

multiple-valued  nature  of  the  mapping  t ■ log  w of  R onto  D,  there  are  infinitely 

many  congruent  polygons  C bounding  D,  but  we  fix  our  attention  on  that  particular 

* . 

one  which  is  symmetric  in  the  real  axis  and  passes  through  the  real  point 
S "log  d.  We  denote  by  C+  and  C"  the  two  symmetric  branches  of  this  polygon 
emlnating  from  8 . We  impose  the  final  condition  on  the  class  m that  the 
curve  C should  rise  from  8 before  falling  and  should  cross  the  real  axis 
at  most  m times,  and  that  between  two  consecutive  crossings  t^  and  it 
should  lie  in  the  strip 

(10)  t^Re-ftjsS  tfc+i  . 

+ 

However,  C will  be  allowed  to  touoh  the  real  axis  more  than  m times. 

The  class  £"1  is  compact,  and  hence  there  is  a function  in  O.  which, 
n,m  n,m 

for  a given  d > 0,  maximizes  . Wo  call  the  corresponding  extremal  Riemann 
surfaces  in  the  w -plane  and  t -plane  R and  D,  respectively.  Let  now 


•’SStw* 


” 6 


P(t)«G+iH  be  an  analytic  function  whose  real  part  G Is  the  Green's  function 
of  R with  a logarithmic  singularity  at  the  origin.  Hadamard's  variational 
formula  Cl]  shows  that  a shift  of  C by  an  amount  £ N along  the  inner  normal 
of  C which  is  congruent  on  all  components  of  the  boundary  of  D and  which  is 
symmetric  on  0 and  C yields  a shift 


(11) 


- - £ J |P'(t)l2  Nidtl  + o( 6 ) 


of  the  oapaoity  constant  ^ . This  variational  formula  is  easily  derived  for 
the  present  oase  of  rectilinear  boundary  curves.  Prom' the  extremal  property 
of  D,  we  find  that  when  N represents  a translation  and  rotation  of  each 
segment  of  C+  which  preserves  the  conditions  (5)  and  (10),  then  0. 

Because  of  the  circular  symmetrization  procedure  of  Section  2,  we  see 
that  the  extremal  polygon  C in  the  logarithmic  t -plane  has  the  property 
that  every  vertical  line  interseats  it  in  at  most  one  segment  or  point.  Let 
denote  the  edges  of  C , ordered  as  we  prooeed  from  left  to  right  with 
increasing  Re  {t } . Our  objective  is  to  prove  (4)  by  showing  that  C+  aotually 
reduces  to  one  infinite  segment  of  the  real  axis,  but  we  start  by  assuming 
that  this  is  not  the  oase. 

Suppose  that  ^ is  a segment  of  C+  lying  above  the  real  axis  and  that 
is  a later  segment  of  C lying  below  the  real  axisj  suppose  that  neither  of 
these  segments  lies  on  a vertioal  line  through  a point  where  C crosses  the 
real  axis?  and  suppose  that  and  are  separated  by  only  one  point  t^ 
where  C crosses  the  real  axis.  Then  we  can  translate  and  by  small 
amounts  without  altering  (5)  and  (10).  Such  translations  correspond  to  a 
normal  shift  N which  is  oonstant  on  and  on  . Thus  the  extremal  property 
of  D gives  by  (ll) 
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(12) 


J 11 


,.,2 


Nidtl  ^0 


whenever  the  area  condition  (5)  remains  unchanged,  i.e.,  when  the  restriction 


(13) 


J 


N/dt!  - 0 


in- 


is fulfilled.  Since  (13 ) implies  (12),  we  deduoe  that  there  exists  a Lagrange 
multiplier  such  that 


(14) 


1 


f • K 1 1 


dt 


k 


when  Jty  Is  any  segment  of  C+  in  the  strip  < Re  -£b  j-  < tk+^  whioh  does 
not  coincide  with  the  real  axis  or  the  vertical  line  through  t^. 

If  two  or  more  crossing  points  t^  separate  ^ and  Jty , then  the  constant 
normal  displacement  N on  the  first  segment  must  be  positive  in  order  to 
satisfy  (5).  Thus  (14)  cannot  be  obtained  in  this  oase,  but  we  do  find  that 


(15)  *k 

As  n ->co,  the  extremal  functions  of  class  Q approach  an  extremal 

n i m 

function  which  we  shall  term  of  class  In  the  limiting  case,  the  extremal 

Riemann  surface  D need  not  be  bounded  by  polygons,  and,  indeed,  we  can  prove 
that  C oontains  no  rectilinear  segment  bordered  by  interior  points  of  D and 
distinct  from  the  real  axis  and  the  lines  Re-£t}  • t^.  For  if  there  were  suoh 
a segment  on  the  boundary  of  D,  we  could  apply  (ll)  with  an  arbitrary  normal 
displacement  N and  show  that  (13)  implies  (12).  This  would  show,  in  turn, 
that  F/(t)  is  constant  on  that  segment  and  hence  constant  throughout  the 
t -plane,  a manifest  contradiction. 

It  follows  from  the  symmetrized  form  of  D and  these  remarks  that  as  n— >oo, 
an  edge  of  C+  either  shrinks  to  a point,  or  approaches  the  real  axis,  or  tends 
toward  a vertical  position,  fte  shall  prove  that,  away  from  the  vertical  lines 
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through  the  crossing  points  t^,  no  segment  of  C approaches  a vertical  segment. 

Suppose,  indeed,  that  a segment  ip  of  C+  approached  a vertical  segment  Jl 
in  the  interior  of  the  strip  (lO)  as  n ->ao,  and  suppose,  without  loss  of 

generality,  that  D bordered  ip  on  the  right.  Then  the  upper  end-point  of  2p 

tends  to  the  upper  end-point  of  2,  and  some  point  T of  C+  to  the  right  of  Ip 

must  also  approach  the  upper  end-point  of  2 . For  if  this  were  not  the  case, 

then  the  upper  end  of  2 would  be  bordered  by  the  Riemann  surface  D in  the 
limiting  case,  and  this  would  leave  us  in  the  previous  contradictory  situation. 

Let  to  be  the  function  which  is  0 on  ip  , 0 on  the  vertical  ray  descending 
from  ip,  0 on  the  vertical  ray  descending  from  T,  and  1 on  the  segment  joining  T 
to  the  upper  end-point  of  ip,  and  which  is  harmonic  in  the  narrow  region 
bounded  by  these  lines.  By  the  maximum  principle,  there  is  a positive  constant 
M such  that  in  that  region  G-^Mco,  and  hence  |P'(t)|  2-£M 2(V^)2  on  iv. 

It  follows  that  P'(t)->0  uniformly  on  ip  a fixed  distance  below  the  upper 
end-point  of  ip,  since  (Vw)  ->0  uniformly  there. 

Let  s be  arc  length  along  ip,  measured  from  its  center.  Then  infinitesimal 
rotation  of  ip  about  its  center  shows  by  (ll),  with  N»s,  that 

(16)  S |P'  I2  sds  • 0 , 

whereas  (14)  implies 

(17)  JLLb  I IP  'I2  ds  >0 

as  n ->>oo.  Thus  the  center  of  gravity  of  the  mass  distribution  with  density  |P'| 
on  ip  is  located  at  the  center  of  Ip  , and  the  total  mass  remains  above  a 
certain  positive  bound.  This  contradicts  the  previous  statement  that  P'(t)-^0 
uniformly  a fixed  distance  below  the  upper  end-point  of  ip,  and  we  conclude 
that  iv  could  not  actually  approach  a vertical  segment  2 . 
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We  introduce  for  each  n and  m the  analytic  function 


(18) 


F(t) 


~Sr 


A 


(t)2dt 


and  we  note  that  it  maps  any  segment  of  the  polygon  C onto  another  segment 
whose  single  of  inclination  with  the  real  axis  is  precisely  the  negative  of  the 
angle  of  inclination  of  the  original  segment.  This  follows  from  ttae  fact  that 
arg  (P/(t))  dt  * arg  (-dt)  on  a segment  of  0 . Now  (14)  shows  that  the 
length  of  Ay  and  the  length  of  its  image  by  F are  in  the  ratio  • Thus 
F maps  any  arc  of  C+  which  lies  in  a suitable  strip  tk+  Re-[fe}^tk+1-  rj , 
or  tk_^+  Re£t  t^-  ^ , with  r|>0,  onto  its  reflection,  stretohed  by 
the  factor  A^.  Since  A^t  has  the  same  property,  we  find  that  on 


(i9)  limjF(t)-  Akt  Jl^en 


where  the  number  is  the  length  of  the  longest  projection  on  the  imaginary 
axis  of  a segment  Jlv  of  C^,  and  hence  approaches  zero  as  n— *r<x>.  The  estimate 
(19)  is  even  valid  along  segments  of  G+  lying  on  the  real  axis,  simte  these 
generate  an  error  involving  only  the  real  parts  of  F and  t in  the  ab  ova 
discussion. 

We  can  now  use  the  estimate  (19)  in  the  passage  to  the  limit  ae  n—>oo. 

Using  the  Poisson  integral  representation  of  the  harmonic  function  Inn£F(t)+  A^t^ 
in  the  z -plane,  we  verify  that  for  the  Riemann  surface  D corresponding  to  a 
limiting  weakly  mean  univalent  function  f of  class  we  have 


(20) 


Im 


|V(t)  + Akt 


} 


0 


on  boundary  arcs  G^  of  C between  points  where  C crosses  the  real  aicis.  Thus 
F+  A^t  can  be  reflected  across  the  corresponding  arc  of  the  ’unit  circle  in 
the  z -plane  and  is  analytic  on  that  arc  as  a function  of  z.  Differentiation 
with  respect  to  z shows  that 


*■  10  - 


(21) 


f \ ...  1 s 

) dt  f > w2/z2  1 

1 k z2(dt/dz)2J 

1 &SL 
w dz 


is  an  analytic  function  of  z on  this  arc,  and  hence  0^  consists  of  a finite 

number  of  analytic  curves  Joined  together  by  singularities  of  known  type. 

Thus  far  we  have  shown  that  extremal  functions  of  class  .Q  generate 

m 

extremal  curves  C+  which  are  pieoe-wise  analytic  in  the  interiors  of  the 
strips  (10)  and  satisfy  (20)  there.  It  is  still  conceivable,  however,  that 
C+  contains  vertioal  segments  through  the  orosslng  points  t^.  In  order  to 

4* 

discuss  the  nature  of  the  singularities  of  C at  the  end-points  of  suoh 

vertical  portions,  we  notice  that  because  the  lengths  of  the  sloping  segments 

of  approximating  polygons  of  class  Q tend  to  zero  as  n ->ao,  the  variational 

n | m 

identity  (14)  and  the  fact  that  F(t)  and  t are  imaginary  on  the  vertical 


segment  imply 

(22)  Re«jV(t)-  Xktj-  - 0 

on  0 in  the  neighborhood  of  one  of  these  end-points.  By  (22),  we  can  reflect 
Re  ■jjF-  V}  aoross  a corresponding  arc  of  the  unit  circle  in  the  z -plane 
and  prove  that  C+  has  a singularity  such  that  its  tangent  turns  continuously. 

Next  we  oan  show  that  no  vertical  segments  of  this  type  occur.  For 
near  a point  of  a vertical  segment  through  t^.  we  can  make  a variation  of  C+ 
by  adding  to  or  subtracting  from  D an  infinitesimal,  narrow  rectangle.  This 
may  take  us  out  of  the  class  of  admissible  curves  C+,  but  if  we  then  perform 
a circular  symmetrization  of  the  corresponding  varied  Riemann  surface  R in 
the  w -plane,  we  do  not  decrease  $,  and  we  do  obtain  an  admissible  C+. 

Indeed,  the  new  curve  is  montonoically  ascending  near  t^,  since  the  old  one 
had  a continuously  turning  tangent,  and  hence  it  crosses  the  real  axis  at  most 
once  near  t^.  Our  rectangular  variation  is  therefore  permissible,  and  we  can 


- 11  - 


2 

use  it,  with  the  formula  (ll),  to  prove  that  (P'(t)|  is  constant  on  the 
segment  through  t^.  But  it  follows  that  P/(t)  is  then  constant  throughout  D, 
and  this  contradiction  implies  that  no  vertical  segment  through  t^  could  have 
existed  in  ths  first  place. 

We  conclude  that  (20 ) and  (22)  hold  at  all  points  of  C distinct  from  the 
real  axis.  Henoe  at  such  points  of  C+ 

(23)  F(t)  - Akt  ♦ 

whence 

(24)  P7(t)  - -iA^2  t , 

by  (18),  where  t is  the  unit  tangent  vector  for  C+.  Thus  C+  consists,  in  the 

limiting  case  of  weakly  mean  univalent  functions  of  class  fi^,  of  a finite 

number  of  analytic  arcs,  some  of  which  satisfy  the  free  boundary  condition  (24), 

and  the  rest  of  which  coincide  with  the  real  axis . The  tangent  of  C+  turns 

continuously  and  ends  in  a horizontal  position  at  the  point  8 "log  d.  The 

last  statement  is  proved  by  making  a variation  which  consists  in  slitting  R 

a short  distance  in  from  a toward  the  origin  and  then  magnifying  by  a suitable 

factor . Unless  C+  has  a horizontal  tangent  at  8 , this  variation  Increases  . 

Finally,  it  is  easy  to  see  from  (24)  that  sufficiently  far  to  the  right  from 

+ 

the  imaginary  axis,  C reduces  to  an  infinite  ray  of  the  real  axis. 

4 • Estimate  of,  the  number  cf  free  boundaries . 

In  an  effort  to  prove  the  inequality  (4),  we  have  applied  variational 

analysis  to  the  problem  of  maximizing  the  capacity  for  a fixed  positive 

value  of  the  omitted  value  d,  in  the  class  O . We  have  shown  that  the  curve 

m 

G generated  by  the  solution  of  this  extremal  problem  consists  of  a finite 
number  of  analytic  arcs  satisfying  the  free  boundary  condition  (24)  and  a 
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finite  number  of  intervale  of  the  real  axis . We  proceed  to  prove  that  actually 
no  free  boundary  curves  (24)  occur  at  all,  by  making  a suitable  application  of 
the  argument  principle.  The  idea  of  the  proof  is  borrowed  from  the  theory  of 
free  streamline  flows,  and  is  suggested  by  an  interpretation  of  (24)  as  a 
condition  for  constant  pressure. 

We  denote  by  D'  the  subregion  of  D bounded  by  C+,~  by  the  interval  t<  S, 
and  by  the  horizontal  line 
(25)  Im{t^  ■1T 

The  analytic  function  P'(t)  is  regular  in  D'  and  has  singularities  on  the 
boundary  at  the  point  at  infinity,  both  to  the  right  and  to  the  left,  at  the 
point  <5  , and  at  the  end-points  of  each  free  arc  of  C satisfying  (24).  We 
exclude  these  singularities  by  small  circles,  or  by  segments,  in  the  case  of 
th8  point  at  infinity,  and  we  calculate  around  the  boundary  of  D'  the  integral 


We  must  also  exclude  by  small  circles  any  possible  zeros  of  P;/. 

The  point  at  infinity  to  the  left  contributes  not  more  than  -TT  to 
A arg  Pv,  since  P"  behaves  there  like  a power  of  e*.  The  point  at  infinity 
to  the  right  contributes  -Tr/2,  since  P*  behaves  like  e_t^  there.  The  point  8 
contributes  3TT/2,  since  P"  has  the  behavior  (t-  S there.  The  lines 

(25),  t<  S and  segments  of  the  real  axis  to  the  right  contribute  a non- positive 
quantity  to  A arg  P*,  since  P"  is  regular  and  either  real  or  pure  imaginary 
there.  Each  point  of  separation  of  a free  arc  of  C+  satisfying  (24) 
contributes  not  more  than  TT/2  because  ?"  behaves  like  (t - <7f  ) z q there 
with  q 5>0.  On  the  other  hand,  Pv  vanishes  at  a point  of  inflection  of  C+, 
which  therefore  contributes  not  more  than  -TT,  By  Rolls' 3 theorem  and  the 
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continuity  of  the  tangent  of  C+,  each  free  arc  of  C+  must  have  at  least  two 
points  of  inflection.  Also,  the  remainder  of  such  an  arc  contributes  nothing 
to  A arg  ?,,t  since  by  (24) 

(27)  P//--AkHt2 

there,  where  K is  the  curvature.  Hence  the  total  contribution  of  each  free 
arc  of  C+  does  not  exceed 

£♦?  -tt-tt  - -rr 

We  oonolude  that  if  pi  is  the  number  of  free  arcs  of  C+  satisfying  (24), 

then 

(28)  - TT  - TT/2  + 3TT/2  - TT  p A arg  P"  - 0 . 

It  follows  from  this  inequality  that  p.  ^ 0,  which  proves  that  C+  contains 

no  free  arcs  and  must  reduce  to  the  interval  t ^ S . 

An  extremal  function  f which  maximizes  $ for  given  & without  restrictions 

other  than  (5)  can  be  approximated  arbitrarily  by  functions  of  class  fl  . 

n,  in 

Among  these  functions,  the  largest  value  of  is  given  by  that  function  fQ 
which  maps  |z|<  1 on  the  entire  plane  slit  along  the  positive  real  axis  from  d 
to  +oo,  and  hence  f must  possess  the  largest  value  of  ft  among  all  weakly  mean 
taivalent  functions.  If  we  take  d»l/4,  we  check  immediately  that  f is  the 
Koebe  function 

(29)  f (z)  - *—5  - 

0 u- z)2 

for  which  ^"0.  The  inequality  (4)  for  weakly  mean  univalent  functions,  and 
therefore  also  for  mean  univalent  functions  in  the  sense  of  Spencer,  is  a 
direct  consequenoe  of  this  conclusion. 

The  reader  will  see  for  himself  that  our  method  leads  to  many  further 
interesting  results  for  the  class  of  mean  univalent  functions. 


k-  1 
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